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Mathematical Modeling of Early Childhood Program Quality: The
CCEEHM Integrated Framework

Abstract This paper presents the mathematical foundation for the Child Care & Early Education
Heart Monitor (CCEEHM), a unified system designed to measure the quality of early childhood
programs. Historically, program evaluation has been bifurcated into structural quality
(regulations, ratios) and process quality (interactions, pedagogy). The CCEEHM integrates these
distinct vectors into a single "Heart Monitor" metric. We define the Process Quality Index (PQI)
as a discrete summation model and introduce a trapezoidal integration method for calculating
"Quality Dosage" over time, providing a more accurate representation of the child's lived

experience within the facility.

1. Introduction

The evaluation of Child Care and Early Education (CCEE) environments is a multi-objective
optimization problem often reduced to binary compliance checks. The core challenge is the
"Divided View" problem, where measuring inputs (Structural Quality, .S) fails to predict

outcomes (Process Quality, P).

The CCEEHM addresses this by mathematically coupling these variables. This paper outlines
the derivation of the PQ I scoring algorithm and the novel use of numerical integration to

calculate the effective "dosage" of quality care received by a child.

2. Model Definitions and Variables
We define the system state using the following variables:

e S (Structural Quality): A boolean vector representing compliance with foundational

health/safety regulations.

e P (Process Quality): A continuous variable representing the quality of interactions, scaled
[07 Pmam]'

e Tp (Time Observed): The duration of the observation period in hours.

e H (Heart Rate/Monitor Score): The unified metric of program health.

3. The Process Quality Index (PQI) Algorithm

Based on the system logic, the Total PQI Score (Phyq;) is derived from the summation of

individual interaction indicators observed during the assessment window.

Let I = {41, 2, ..., i, } be the set of process indicators (e.g., "Teacher Interaction”, "Peer Play",
"Instructional Support"). Let v (i) be the valuation function for the k-th indicator.
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The Total PQI Score is defined as:

n

Ptotal — Z U(Zk)

k=1

3.1 Categorical Thresholding Functions

The system utilizes a piecewise step function, L(Ptoml), to map the continuous scalar Pj,; to
a categorical quality level. Let 7 be the set of threshold values {7Tjow; Timid, Thigh }-

(High Quality if Protal > Thigh
High-Mid Quality if Tmid < Piotal < Thigh
L(Piotar) = § Mid-Low Quality  if 7o, < Piotar < Trmid
Low Quality if 0 < Piotal < Tiow
\Pending if Prptgr = 0

In the provided application logic, these thresholds are dynamic parameters (
thresholds.highMid, thresholds.midLow) allowing for calibration based on regional

standards or specific program goals.

4. The "Trapezoidal" Quality Dosage Model

A unique feature of the CCEEHM is the calculation of a "Trapezoid Result" involving Facility
Hours (T). This suggests the model views quality not as a static snapshot, but as a cumulative

"dosage" or area under the curve over time.

We propose that the "Heart Monitor" calculates the Total Quality Exposure (E) experienced by
a child.

4.1 Continuous Formulation

Let Q(t) be the instantaneous quality of care at time ¢. The total exposure over an observation

period fromt = 0 to t = Tp is the definite integral:

To
F = Q(t) dt
0

4.2 Discrete Approximation (The Trapezoidal Rule)

Since continuous measurement of Q(t) is impossible, the system likely approximates this

integral using discrete observation points. If quality is measured at the start (Qstqr+) and end (
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Qenag) of an interval T, the Trapezoidal Rule provides the area:

T
Ex~ 70(Qstart + Qend)

However, if P, represents an aggregate quality rate (quality units per hour) or an average
intensity, the "Trapezoid" may refer to the geometric modeling of the facility's capacity to

sustain quality.

If we define the "Heart Rate" of the facility as the interaction between Time Open (1) and PQI
Score (Pjotq1), the trapezoidal metric My,.q, can be modeled as the weighted stability of quality
over that duration:

Mtrap - -Ptotal X TO Xy

Where -y is a scaling factor for normalization. This transforms a scalar score into a "Volume of

Care" metric.

5. Structural-Process Integration

The unified CCEEHM score (H,,.;) combines the Structural Boolean Vector S with the Process
Exposure FE. Since Structural Quality is a prerequisite (a constraint) rather than a scalar
additive, we model it as a multiplicative filter.

Let ®(S) be a compliance function where ®(S) = 1 if critical regulations are met, and

®(.S) — 0 as critical violations increase.

Hnet - Q(S) : L(Ptotal)

This ensures that a program with high interaction scores (P,t4;) but dangerous structural

failures (low ®(.S)) receives a suppressed overall rating, reflecting the "Heart Monitor's" safety-

first philosophy.

6. Conclusion

The CCEEHM moves beyond simple checklists by implementing a mathematical model that
treats quality as a dynamic variable. By utilizing the summation algorithms of the PQI and the
integral-based logic of the Trapezoid Result, the system provides a multi-dimensional view of
program health. This approach allows for the detection of "arrhythmias" in care—periods where
process quality drops despite structural compliance—enabling targeted interventions.
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